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Abstract
J.R. Partington and B. Ünalmıs¸ consider in their 2001 paper [J.R. Partington, B. Ünalmıs¸, Appl. Comput.
Harmon. Anal. 10 (1) (2001) 45–60] the windowed Fourier transform and wavelet transform as tools for
analyzing almost periodic signals. They establish Parseval-type identities and consider discretized versions of these
transforms in order to construct generalized frame decompositions. We have found a gap in the construction of
generalized frames in the windowed Fourier transform case; we comment on this gap and give an alternative proof.
As for the wavelet transform case, in [J.R. Partington, B. Ünalmıs¸, Appl. Comput. Harmon. Anal. 10 (1) (2001)
45–60] the generalized frame decomposition is done only for the simplest wavelet, the Haar wavelet; we show how
to construct generalized frame decompositions for a wide family of wavelets.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
The windowed Fourier transform and the wavelet transform try to express and understand the time–
frequency behavior of functions in several function spaces: the Lebesgue, Hardy, Sobolev, Besov, and
Triebel–Lizorkin spaces are some of these. Good introductory references are, for instance, [6,9,12,13].
However, these transforms have been used much less frequently in the theory of persistent signals, such as
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branches of mathematics, physics, and engineering. The theory of almost periodic functions has been
applied, for instance, to the theory of functions of a complex variable, ordinary and partial differential
equations, to the theory of numbers and statistics [4], and recently for the purposes of robust control [11]
and systems theory [10].
J.R. Partington and B. Ünalmıs¸ consider in [15] the windowed Fourier transform and wavelet transform
as tools for analyzing almost periodic signals. In this paper we fill a gap in their construction of
generalized frames in the windowed Fourier transform case, and we correct the Parseval formula for the
wavelet transform. In the discrete wavelet case, these authors give some analysis for the simplest wavelet,
the Haar wavelet; we construct generalized frame decompositions for a wide family of wavelets.
We begin by introducing some notation and stating some classical results concerning almost periodic
functions. For more details we refer the reader to [1–4]. For brevity we will omit the reference to R in
the function spaces under consideration; e.g., we will write AP for AP(R), L2 for L2(R).
We denote by TP the space of trigonometric polynomials, i.e., f ∈ TP if and only if f (x) =∑n
k=1 cke
2πiλkx
, with ck ∈ C, λk ∈ R, and n ∈ N. On the space TP we can define the norm
‖f ‖∞ = sup
x∈R
∣∣f (x)∣∣.
If we take the completion with respect to this norm, then we get the space of almost periodic functions
AP.
Another norm on TP is
‖f ‖B2ap =
(
lim
T →∞
1
2T
T∫
−T
∣∣f (x)∣∣2 dx
)1/2
, (1)
associated with the inner product
〈f,g〉 = lim
T →∞
1
2T
T∫
−T
f (x) g(x)dx.
The completion of TP with respect to the norm (1) is the Besicovitch space of almost periodic functions
B2ap; we have AP ↪→ B2ap (see [2,14]). B2ap is a nonseparable Hilbert space ({e2πiλx: λ ∈ R} is an
orthonormal basis of B2ap). It is not immediately clear how this space is related to the class of Lebesgue
measurable functions; nevertheless, in [17, pp. 103–108] it is shown that in every equivalence class of
B2ap there is a function which is locally square integrable. In any case, we remark that two functions in
the same equivalence class may differ even in a set of points of infinite measure.
For every function f in TP we can define the Bohr–Fourier transform as
aλ(f ) := lim
T →∞
1
2T
T∫
−T
f (x)e−2πiλx dx.
It is not hard to see that this can be continuously extended to the space B2ap. Moreover, this transformation
gives an isometric isomorphism between B2ap and the space 2(R). Using this, we identify an element f
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f (x) ∼
∑
λ∈R
aλ(f )e
2πiλx. (2)
This we call the Fourier series of f . We note that for α = {αλ}λ∈R ∈ 2(R), we have αλ = 0 except for
countably many λ’s. The expression in (2) must be regarded as a formal expansion that does not need to
have a meaning pointwise in x, not even almost everywhere in x.
We shall take
hˆ(ω) =
∞∫
−∞
h(x)e−2πiωx dx,
defined for h ∈ L1, as our definition of the Fourier transform, and extend it from L1 ∩ L2 in the usual
way to be an isometry from L2 onto itself (see [16]).
If we take a convolution of an almost periodic function f (x) ∼∑λ∈R aλe2πiλx and a function h in L1,
then f ∗ h is an almost periodic function and its Fourier series is given by
(f ∗ h)(x) ∼
∑
λ∈R
aλhˆ(λ)e
2πiλx. (3)
Moreover, we have the following inequalities:
‖f ∗ h‖B2ap  ‖hˆ‖∞ ‖f ‖B2ap and ‖f ∗ h‖∞  ‖h‖1‖f ‖∞.
2. The classical windowed Fourier transform
The definition and the basic properties of the windowed Fourier transforms can be found, for example,
in [6,7,12].
Let g ∈ L2 be fixed. For f ∈ L2, the windowed Fourier transform of f (with respect to g) can be
defined by
Gf (t,ω) =
∞∫
−∞
f (x)g(x − t)e−2πiωx dx, t ∈ R, ω ∈ R. (4)
A key result is the Parseval formula for windowed Fourier transform,
‖Gf ‖L2 = ‖f ‖L2‖g‖L2,
where, in the left-hand side, L2 refers to R2, and in the right-hand side, L2 refers to R.
The windowed Fourier transform can also be regarded as the Fourier transform of ft(x) =
f (x)g(x − t). Hence the only necessary condition for Gf (t,ω) to be well defined is that ft belongs
to L1 or L2. For instance:
Theorem 1 [15]. Let g ∈ L1 be fixed. For f ∈ L∞ the windowed Fourier transform of f (with respect
to g) exists and satisfies∣∣Gf (t,ω)∣∣ ‖f ‖L∞‖g‖L1, t,ω ∈ R.
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of t .
Even more, for every ω ∈ R, we have that Gf (t,ω) = e−2πiωt (f ∗gω)(t), where gω(x) = g(−x)e2πiωx .
Hence, if f (x) ∼∑λ∈R aλe2πiλx is an almost periodic function, it follows from (3) that
Gf (t,ω) ∼
∑
λ∈R
aλgˆ(λ − ω)e2πi(λ−ω)t .
As it is well known, for nonseparable spaces, such as the space of almost periodic functions, it is not
possible to construct countable frames. Partington and Ünalmıs¸ provide some properties of the windowed
Fourier transform as a norm preserving mapping in the form of various Parseval relations. The natural
discretization of this formulas is used in order to obtain countable generalized frames.
Let ω0, t0 > 0 be fixed. We consider gm,n(x) = e2πimω0xg(x − nt0), m,n ∈ Z.
Partington and Ünalmıs¸ assume that g is a bounded function such that g(t) = O(1/t2) as t → ±∞,
and the following condition holds:
inf
0λω0
∞∑
m=−∞
∣∣gˆ(λ − mω0)∣∣2 > sup
0λω0
sup
p∈Z, p 
=0
∣∣∣∣∣
∞∑
m=−∞
gˆ(λ − mω0)gˆ(λ + p/t0 − mω0)
∣∣∣∣∣. (5)
Under these assumptions they state the following result [15, Theorem 2.5].
Theorem 2. There exist constants A,B > 0 such that
A‖f ‖2
B2ap
 lim
N→∞
1
2N + 1
N∑
n=−N
∞∑
m=−∞
∣∣〈f,gm,n〉∣∣2 B‖f ‖2B2ap,
for all almost periodic functions f .
In the proof given in [15], if f (x) =∑λ∈R aλe2πiλx is a trigonometric polynomial (aλ = 0 except for
a finite number of λ’s), then
lim
N→∞
1
2N + 1
N∑
n=−N
∞∑
m=−∞
∣∣〈f,gm,n〉∣∣2 =∑
λ∈R
|aλ|2h(λ) +
∑ ′aλa¯µj (λ,µ), (6)
where
h(λ) =
∞∑
m=−∞
∣∣gˆ(λ − mω0)∣∣2,
the second sum in (6) is taken over those λ, µ such that λ − µ is a nonzero multiple of 1/t0, and
j (λ,µ) =
∞∑
m=−∞
gˆ(λ − mω0)gˆ(µ− mω0).
Since (5) holds, it follows that there exist constants 0 < J < h < H such that∣∣j (λ,µ)∣∣< J < h < h(λ) < H (7)
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lim
N→∞
1
2N + 1
N∑
n=−N
∞∑
m=−∞
∣∣〈f,gm,n〉∣∣2  (H + J )∑
λ
|aλ|2. (8)
However, the bound |∑ ′aλa¯µj (λ,µ)| J ∑λ |aλ|2 does not follow from this argument: for instance, if
we take λ0 = 0, λ1 = 1/t0, λ2 = 2/t0, aλi = 1, and aµ = 0 if µ 
= λi , we should prove that∣∣j (λ0, λ1) + j (λ0, λ2) + j (λ1, λ0) + j (λ1, λ2) + j (λ2, λ0) + j (λ2, λ1)∣∣ 3J,
which obviously does not follow from the hypotheses (7). Therefore, the assertion in [15] that (8) follows
from (6) remains unproved.
In order to give an alternative proof for the theorem, we will need stronger conditions than the ones
in (5). We will assume the same hypotheses used by Daubechies [5,6] in the construction of frames in L2.
We assume that
A = inf
0λ<ω0
∑
m∈Z
∣∣gˆ(λ − mω0)∣∣2 − ∑
k∈Z\{0}
(
Γ (k)Γ (−k))1/2 > 0, (9)
B = sup
0λ<ω0
∑
m∈Z
∣∣gˆ(λ − mω0)∣∣2 + ∑
k∈Z\{0}
(
Γ (k)Γ (−k))1/2 < ∞, (10)
where Γ (k) = supλ∈R
∑
m∈Z |gˆ(λ − mω0)| |gˆ(λ + k/t0 − mω0)|.
In this case, using the Cauchy–Schwarz inequality, we have that∣∣∣∑ ′aλa¯µj (λ,µ)∣∣∣=
∣∣∣∣∣
∑ ′aλa¯µ ∞∑
m=−∞
gˆ(λ − mω0)gˆ(µ − mω0)
∣∣∣∣∣
=
∣∣∣∣∣
∑
λ∈R
∑
k∈Z\{0}
aλa¯λ+k/t0
∞∑
m=−∞
gˆ(λ − mω0)gˆ(λ + k/t0 − mω0)
∣∣∣∣∣

∑
k∈Z\{0}
∞∑
m=−∞
∑
λ∈R
|aλ| |aλ+k/t0 |
∣∣gˆ(λ − mω0)∣∣ ∣∣gˆ(λ + k/t0 − mω0)∣∣

∑
k∈Z\{0}
( ∞∑
m=−∞
∑
λ∈R
|aλ|2
∣∣gˆ(λ − mω0)∣∣ ∣∣gˆ(λ + k/t0 − mω0)∣∣
)1/2
×
( ∞∑
m=−∞
∑
λ∈R
|aλ+k/t0 |2
∣∣gˆ(λ − mω0)∣∣ ∣∣gˆ(λ + k/t0 − mω0)∣∣
)1/2
=
∑
k∈Z\{0}
( ∞∑
m=−∞
∑
λ∈R
|aλ|2
∣∣gˆ(λ − mω0)∣∣ ∣∣gˆ(λ + k/t0 − mω0)∣∣
)1/2
×
( ∞∑
m=−∞
∑
λ∈R
|aλ|2
∣∣gˆ(λ − k/t0 − mω0)∣∣ ∣∣gˆ(λ − mω0)∣∣
)1/2

∑
k∈Z\{0}
∑
λ∈R
|aλ|2
(
Γ (k)Γ (−k))1/2 =∑
λ∈R
|aλ|2
∑
k∈Z\{0}
(
Γ (k)Γ (−k))1/2,
from which the result follows.
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For the definition and basic properties of the wavelet transform see, for example, [6,9,12].
Let ψ ∈ L2(R) be fixed. If f belongs to L2, the wavelet transform of f (with respect to ψ) is defined
by
Wf (s, t) = 1|s|1/2
∫
R
f (x)ψ
(x − t
s
)
dx, s ∈ R \ {0}, t ∈ R. (11)
If ψ satisfies the condition
Cψ :=
∫
R
|ψˆ(w)|2
|w| dw < ∞, (12)
we call such a ψ an admissible wavelet, and the following Parseval identity is satisfied:
∞∫
−∞
∞∫
−∞
∣∣Wf (s, t)∣∣2 ds dt
s2
= Cψ‖f ‖L2 .
We can define the wavelet transform of a bounded function assuming that the wavelet function ψ
belongs to L1(R). The following theorem is given by Partington and Ünalmıs¸ [15, Theorem 3.1]: Let f
be an almost periodic function. Then, for fixed s 
= 0, Wf (s, t) is an almost periodic function in t .
We remark that for every s ∈ R, s 
= 0, we have that Wf (s, t) = f ∗ ψs(t), where ψs(x) =
|s|−1/2ψ(−x/s). From (3), if f (x) ∼∑λ∈R aλe2πiλx is an almost periodic function, it follows that
Wf (s, t) ∼
∑
λ∈R
|s|1/2aλψˆ(λs) e2πiλt . (13)
There is a minor error in the Parseval formula given in [15, Theorem 3.2]. The fact that the constant
functions are orthogonal to all wavelets, mentioned by the authors just before Theorem 3.3, is forgotten
in the proof of this formula. However, their proof remains valid if the constant component of the function
is removed. The correct result is
∞∫
−∞
(
lim
T →∞
1
2T
T∫
−T
∣∣Wf (s, t)∣∣2 dt
)2
ds
s2
= Cψ
∑
λ 
=0
|aλ|2. (14)
It would be desirable to construct generalized frames for almost periodic functions using a discretized
form of the wavelet transform, just as it is done with the windowed Fourier transform. Partington and
Ünalmıs¸ give some analysis for the Haar wavelet, but they remark that it would be of interest to find
similar results for a wider class of analyzing wavelets. We will prove that the ideas used in the windowed
Fourier transform case work in the wavelet transform case.
Let α > 1 and β > 0 be fixed. Let ψ be an admissible wavelet satisfying
A = inf
1|λ|<α
∑
m∈Z
∣∣ψˆ(λαm)∣∣2 − ∑
k∈Z\{0}
(
Γ (k)Γ (−k))1/2 > 0, (15)
B = sup
1|λ|<α
∑
m∈Z
∣∣ψˆ(λαm)∣∣2 + ∑
k∈Z\{0}
(
Γ (k)Γ (−k))1/2 < ∞, (16)
where Γ (k) = supλ∈R
∑ |ψˆ(λαm)| |ψˆ(λαm + k/β)|.m∈Z
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the exposition is rather lengthy.
We write ψm,n(x) = α−m/2ψ(α−mx−βn) (the natural discretization of the wavelet ψs,t(x) = |s|−1/2 ×
ψ((x − t)/s), with s = αm and t = βnαm).
As in the Parseval formula, in the following theorem the constant component must be removed.
Theorem 3. If f (x) ∼∑λ∈R aλe2πiλx is an almost periodic function, then
A
∑
λ 
=0
|aλ|2 
∑
m∈Z
1
αm
lim
N→∞
1
2N + 1
N∑
n=−N
∣∣〈f,ψm,n〉∣∣2 B∑
λ 
=0
|aλ|2. (17)
Proof. Since 〈f,ψm,n〉 = Wf (αm,βnαm), for every m ∈ Z we have that {〈f,ψm,n〉}∞n=−∞ is an almost
periodic sequence, because it is the sample of an almost periodic function (see [4, p. 47]). Moreover, if
f is a trigonometric polynomial, it is easy to see that
〈f,ψm,n〉 = αm/2
∑
λ∈R
aλψˆ(λαm) e
2πiλβαmn = αm/2
∑
0λ< 1
βαm
(∑
k∈Z
aλ+ k
βαm
ψˆ(λαm + k/β)
)
e2πiλβα
mn.
We need to estimate limN→∞(1/(2N +1))∑Nn=−N |〈f,ψm,n〉|2. From the Plancherel’s theorem for almost
periodic sequences (see [14, p. 18] and [8, p. 256]), it follows that
lim
N→∞
1
2N + 1
N∑
n=−N
∣∣〈f,ψm,n〉∣∣2 = αm ∑
0λ< 1
βαm
∣∣∣∣∑
k∈Z
aλ+ k
βαm
ψˆ(λαm + k/β)
∣∣∣∣
2
= αm
∑
0λ< 1
βαm
∑
k∈Z
∑
j∈Z
aλ+ k
βαm
ψˆ(λαm + k/β) a¯
λ+ j
βαm
ψˆ(λαm + j/β)
= αm
∑
k∈Z
∑
k
βαm
λ< k+1
βαm
aλψˆ(λαm)
∑
j∈Z
a¯
λ+ j−k
βαm
ψˆ
(
λαm + (j − k)/β)
= αm
∑
k∈Z
∑
k
βαm
λ< k+1
βαm
aλψˆ(λα
m)
∑
j∈Z
a¯
λ+ j
βαm
ψˆ(λαm + j/β)
= αm
∑
λ∈R
aλψˆ(λαm)
∑
j∈Z
a¯
λ+ j
βαm
ψˆ(λαm + j/β).
Hence, we can write
lim
N→∞
1
2N + 1
N∑
n=−N
∣∣〈f,ψm,n〉∣∣2
= αm
∑
|aλ|2
∣∣ψˆ(λαm)∣∣2 + αm∑ ∑ aλa¯λ+ k
βαm
ψˆ(λαm)ψˆ(λαm + k/β).
λ∈R λ∈R k∈Z\{0}
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∑
m∈Z
1
αm
lim
N→∞
1
2N + 1
N∑
n=−N
∣∣〈f,ψm,n〉∣∣2 =∑
λ∈R
|aλ|2
∑
m∈Z
∣∣ψˆ(λαm)∣∣2 + Rest(f ),
where we define Rest(f ) =∑m∈Z∑λ∈R∑k∈Z\{0} aλa¯λ+ k
βαm
ψˆ(λαm) ψˆ(λαm + k/β). To bound Rest(f )
we use the Cauchy–Schwarz inequality,
∣∣Rest(f )∣∣ ∑
k∈Z\{0}
(∑
m∈Z
∑
λ∈R
|aλ|2
∣∣ψˆ(λαm)∣∣ ∣∣ψˆ(λαm + k/β)∣∣)1/2
×
(∑
m∈Z
∑
µ∈R
|aµ|2
∣∣ψˆ(µαm − kβ−1)∣∣ ∣∣ψˆ(µαm)∣∣)1/2

(∑
λ 
=0
|aλ|2
) ∑
k∈Z\{0}
(
Γ (k)Γ (−k))1/2,
which proves (17) for trigonometric polynomials. We conclude that the result holds for almost periodic
functions by a standard approximation argument. 
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